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Abstract
There is a close analogy between electroweak instanton-induced baryon plus lepton number (B + L) violating processes in
Quantum Flavor Dynamics (QFD) and hard QCD instanton-induced chirality violating processes in deep-inelastic scattering.
In view of the recent information about the latter both from lattice simulations and from the H1 experiment at HERA, it
seems worthwhile to reconsider electroweak B +L violation at high energies. We present a state of the art evaluation of QFD
instanton-induced parton–parton cross-sections, as relevant at future high energy colliders in the hundreds of TeV regime, such
as the projected Very Large Hadron Collider (VLHC). We find that the cross-sections are unobservably small in a conservative
fiducial kinematical region inferred from the above mentioned QFD–QCD analogy. An extrapolation—still compatible with
lattice results and HERA—beyond this conservative limit indicates possible observability at VLHC.
 2003 Elsevier Science B.V.
1. The Standard Model of electroweak (Quantum Flavor Dynamics (QFD)) and strong (QCD) interactions is
remarkably successful and describes quantitatively a wealth of data accumulated over the last decades. This success
is largely based on the possibility to apply ordinary perturbation theory to the calculation of hard, short-distance
dominated scattering processes, since the relevant gauge couplings are small.
There is, however, a class of processes which—even for small gauge couplings—cannot be described by
ordinary perturbation theory. These processes are associated with axial anomalies [1] and manifest themselves
as anomalous violation of baryon plus lepton number (B + L) in QFD and chirality (Q5) in QCD [2]. They are
induced by topological fluctuations of the non-Abelian gauge fields, notably by instantons [3].
Such topological fluctuations and the anomalous processes induced by them are crucial ingredients for an
understanding of a number of non-perturbative issues in the Standard Model. Indeed, QCD instantons have been
argued to play an important role in various long-distance aspects of QCD, such as giving a possible solution to
the axial U(1) problem [2] or being at work in SU(nf ) chiral symmetry breaking [4] (for reviews, see Ref. [5]).
In QFD, on the other hand, similar topological fluctuations of the gauge fields and the associated B + L violating
processes are very important at high temperatures [6] and have therefore a crucial impact on the evolution of the
baryon and lepton asymmetries of the universe (see Ref. [7] for a review).
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A very interesting, albeit unsolved question is whether manifestations of such topological fluctuations might
be directly observable in high-energy scattering at present or future colliders (for a short review, see Ref. [8]).
This question has been raised originally in the late eighties in the context of QFD [9,10]. But, despite considerable
theoretical [11–14] and phenomenological [15,16] efforts, the actual size of the cross-sections in the relevant,
tens of TeV energy regime was never established (for reviews, see Refs. [7,17]). Meanwhile, the focus switched
to quite similar QCD instanton-induced hard scattering processes in deep-inelastic scattering [18,19], which are
calculable from first principles within instanton-perturbation theory [20], yield sizeable rates for observable final
state signatures in the fiducial regime of the latter [21–24], and are actively searched for at HERA [25]. Moreover,
larger-size QCD instantons, beyond the semi-classical, instanton-perturbative regime, might well be responsible
for the bulk of inelastic hadronic processes and build up soft diffractive scattering [26].
In view of the close analogy of QFD and hard QCD instanton-induced processes in deep-inelastic scattering [19],
emphasized throughout this Letter, and of the recent information about the latter both from lattice simulations [22,
24,27] and from experiment [25], recalled and elaborated on below, it seems worthwhile to reconsider electroweak
B+L violation at high energies. We, therefore, present in this Letter a state of the art evaluation of QFD instanton-
induced parton–parton cross-sections—quite analogous to the one presented in Ref. [21] for QCD instanton-
induced processes—as relevant at future high energy colliders in the hundreds of TeV regime, such as the projected
Eurasian Long Intersecting Storage Ring (ELOISATRON) [28] or the Very Large Hadron Collider (VLHC) [29].
This goes along with a discussion of the implications of the lattice and HERA results—via the above mentioned
QFD–QCD analogy—for the fate of electroweak B +L violation in high energy collisions.
2. QCD (QFD) instantons [2,3] are (constrained [30]) minima of the classical Euclidean Yang–Mills action,
localized in space and Euclidean time, with unit topological charge (Pontryagin index) Q = 1. In Minkowski
spacetime, instantons describe tunneling transitions between classically degenerate, topologically inequivalent
vacua, differing in their winding number (Chern–Simons number) by one unit, NCS = Q = 1 [31]. The
corresponding energy barrier (“sphaleron energy” [32]), under which the instantons tunnel, is inversely proportional
to αg ≡ g2/(4π), the fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff,
(1)Msp ∼ π
αgρeff
∼
{
π MW
αW
∼ 10 TeV, in QFD [32],
Q, in QCD [19–21],
where Q is a large momentum transfer, e.g., in deep-inelastic scattering (DIS), which should be taken  10 GeV
in order to be in the semi-classical, instanton-perturbative regime [20–22,24]. As mentioned in Section 1, axial
anomalies [1] force instanton-induced hard scattering processes to be always associated with anomalous fermion-
number violation [2], in particular B + L violation, B = L = −ngenQ, in the case of QFD with ngen = 3
fermion generations, and chirality violation, Q5 = 2nfQ, in the case of QCD with typically nf = 3 light quark
flavors.
Instanton-induced total cross-sections for hard parton–parton (p1–p2) scattering processes (cf. Fig. 1) are given
in terms of an integral over the instanton–anti-instanton1 (I I¯ ) collective coordinates (sizes ρ, ρ¯, I I¯ distance R,
1 Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of the p1p2 forward elastic
scattering amplitude in the I I¯ -background (cf. Fig. 1). Alternatively, one may calculate the cross-section by taking the modulus squared of
amplitudes in the single instanton-background.
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Fig. 1. Illustration of a QFD instanton-induced process in proton–proton scattering (left) and of a QCD instanton-induced process in
deep-inelastic electron–proton scattering (right).
relative color orientation U ) [21] (see also [12–14,33,34])
σˆ (I )p1p2 ∼
1
2p1 · p2 Im
∫
d4R ei(p1+p2)·R
×
∞∫
0
dρ
∞∫
0
dρ¯ D(ρ)D(ρ¯)
∫
dU e−
4π
αg
Ω
(
U,R
2
ρρ¯
,
ρ¯
ρ
,...
)[
ω
(
U,
R2
ρρ¯
,
ρ¯
ρ
, · · ·
)]nfin
(2)× F
(√
−p21 ρ
)
F
(√
−p21 ρ¯
)
F
(√
−p22 ρ
)
F
(√
−p22 ρ¯
)
Pgp1p2(U,R,ρ, ρ¯;p1 · p2).
Here, the basic blocks arising in instanton-perturbation theory—the semi-classical expansion of the corresponding
path integral expression about the instanton solution— are (i) the instanton-size distribution D(ρ), (ii) the function
Ω , which takes into account the exponentiation of gauge boson production [10,12] and can be identified with the
I I¯ -interaction defined via the valley method [13,35–37], and (iii) the function ω, which summarizes the effects of
final-state fermions. Their number nfin is related to the number nin of initial-state fermions via the anomaly,
(3)nfin + nin ≡ ntot ≡
{
4ngen = 12, in QFD,
2nf , in QCD.
With each initial-state parton p, there is an associated “form factor” [20,21],
(4)F(x)= xK1(x)
{∼√π/(2x) exp(−x), for x→+∞,
= 1, for x = 0.
The function Pgp1p2 in Eq. (2) consists of further smooth factors [21], which will be included in our final result for
the special case of QFD instantons below.
Ad (i) The instanton-size distribution D(ρ) is known in instanton-perturbation theory, αg(ρ−1)  1, up
to two-loop renormalization group invariance [2,38,39]. In QCD, the loop corrections are sizeable in the
phenomenologically interesting range [21,22]. However, for our illustrative purposes in this Letter the one-loop
expression for the size distribution,
(5)D(ρ)= d
ρ5
(
2π
αg(µ)
)2Nc
(µρ)β0e
− 2π
αg(µ)
S(I )
,
suffices, which, moreover, is numerically adequate for the case of QFD because of its weak coupling, αW (MW)≡
α(MW )/ sin2 θˆ (MW )= 0.033819(23) [40]. In Eq. (5),
(6)β0 = 113 Nc −
1
6
ns − 13ntot =
{
19/6, in QFD (Nc = 2, ns = 1, ntot = 12),
11− 2nf /3, in QCD (Nc = 3, ns = 0, ntot = 2nf ),
denotes the first coefficient in the β function,
(7)S(I) =
{
1+ 12M2Wρ2 +O
(
M4Wρ
4 ln(MWρ)
)
, in QFD [2,30],
1, in QCD [3],
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Fig. 2. Instanton-size distributions as predicted in instanton-perturbation theory (solid lines) in QFD (left) and quenched (nf = 0) QCD (right).
Both display a powerlike decrease, ρ5D(ρ)∝ ρβ0 , towards decreasing sizes due to asymptotic freedom, with β0 = 19/6 for QFD and β0 = 11
for quenched QCD. For QCD (right), the two-loop renormalization group invariant prediction for the size distribution from Ref. [39] together
with the 3-loop form of αMS, with Λ
(0)
MS
= 238± 19 MeV from the ALPHA Collaboration [42], was used. The error band (dashed lines) results
from the errors in ΛMS and a variation of µ= 1–10 GeV. Left: towards large sizes, ρ > ρmax = 0.13/MW , the QFD instanton size distribution
decreases exponentially due to the Higgs mechanism. Right: for large sizes, ΛMSρ  0.75, the QCD instanton size distribution, as determined
from recent high-quality lattice data from UKQCD [27]2, appears to decrease exponentially, ∝ exp(−cρ2) [22,47], similar to the QFD size
distribution (left), but unlike the instanton-perturbative prediction (solid). For ΛMSρ  0.42, on the other hand, one observes a remarkable
agreement with the predictions from instanton-perturbation theory (solid) [22,24].
the instanton action, µ the renormalization scale, and d a scheme-dependent constant, which reads in the MS
scheme [41],
(8)dMS =
2e5/6
π2(Nc − 1)!(Nc − 2)!e
−1.511374Nc+0.291746(ntot+ns )/2.
The validity of instanton-perturbation theory, on which the prediction of the instanton-induced subprocess
cross-section (2) is based, requires instantons of small enough size, αg(ρ−1) 1. In QFD, this is guaranteed
by the exponential decrease ∝ exp(−πM2Wρ2/αW ) (cf. (7)) of the size distribution (5) for ρ > ρmax ≡√
β0αW/(2π)/MW = 0.13/MW (cf. Fig. 2 (left)). Therefore, the relevant contributions to the size integrals
in (2) arise consistently from the perturbative region (αW(ρ−1) 1) even if both initial partons are on-shell,
p21 ≈ p22 ≈ 0, as relevant for electroweak instanton-induced processes in proton–proton scattering at VLHC (cf.
Fig. 1 (left)).
In QCD, on the other hand, the perturbative expression (5) for the size distribution has a power-law behavior,
∝ ρβ0−5 (cf. Fig. 2 (right)). The latter generically causes the dominant contributions to observables like the cross-
section (2) to originate from large ρ ∼ Λ−1 ⇒ αs(ρ−1) ∼ 1 and thus often spoils the applicability of instanton-
perturbation theory. Deep-inelastic scattering, however, offers a unique possibility to probe the predictions of
instanton-perturbation theory [20–24]. This can be understood as follows. In deep-inelastic electron–electron
scattering, the virtual photon splits into a quark and an anti-quark, one of which, p1 say, enters the instanton
subprocess (cf. Fig. 1 (right)). This parton carries a space-like virtuality Q̂2 ≡−p21  0, which can be made very
large by kinematical cuts on the final state. In this case the contribution of large instantons to the integrals is
suppressed by the exponential form factors (4) in expression (2), ∝ e−Q̂(ρ+ρ¯), and instanton-perturbation theory
becomes exploitable, i.e., predictive [20,21]. In this connection it is quite welcome that lattice data on the instanton
2 For further, qualitative similar lattice data, see Refs. [43,44] and the reviews [45,46].
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content of the quenched (nf = 0) QCD vacuum [27]2 can be used to infer the region of validity of instanton-
perturbation theory for D(ρ) [22,24]: as illustrated in Fig. 2 (right), there is very good agreement forΛMSρ  0.42.
Ad (ii) A second important building block of the cross-section (2) is the function Ω(U,R2/(ρρ¯), ρ¯/ρ),
appearing in the exponent with a large numerical coefficient 4π/αg . It incorporates the effects of final-state
(gauge) bosons, mainly W ’s and Z’s in the case of QFD and gluons in the case of QCD. Within strict instanton-
perturbation theory, it is given in form of a perturbative expansion [12,21,37] for large I I¯ -distance R2. Beyond
this expansion, one may identify Ω with the interaction between an instanton and an anti-instanton, which may be
systematically evaluated by means of the so-called I I¯ -valley method [35]. The corresponding interaction has been
found analytically for the case of pure SU(2) gauge theory3 [13,36],
(9)Ωg =Ω0 +Ω1u20 +Ω2u40,
with
Ω0 = 2z
4 − 2z2 + 1+ 2(1− z2) ln z
(z2 − 1)3 ,
Ω1 =−8z
4 − z2 + (1− 3z2) ln z
(z2 − 1)3 ,
(10)Ω2 =−16z
2 − 1− (1+ z2) ln z
(z2 − 1)3 .
Due to conformal invariance of classical pure Yang–Mills theory, it depends on the sizes ρ, ρ¯ , and the I I¯ -distanceR
only through the “conformal separation”,
(11)z= 1
2
(
ξ +
√
ξ2 − 4
)
, ξ = R
2
ρρ¯
+ ρ¯
ρ
+ ρ
ρ¯
 2,
and on the relative color orientation3 U = u0 + iσkuk , with u20 + ukuk = 1, only through u0.
Note that I I¯ -pairs with the most attractive relative orientation, U = 1, give the dominant contribution to the
cross-section (2) in the weak coupling regime, αg  1. For this relative orientation, the I I¯ -valley represents a
gauge field configuration of steepest descent interpolating between an infinitely separated I I¯ -pair, corresponding
to twice the instanton action, S(I I¯ ) = 2[1+Ωg(U = 1, ξ =∞)] = 2, and a strongly overlapping one, annihilating
to the perturbative vacuum at ξ = 2 (R = 0, ρ = ρ¯), corresponding to vanishing action S(I I¯ ) = 2[1 +Ωg(U =
1, ξ = 2)] = 0 (cf. Fig. 3 (left)). It is thus clear that near ξ ≈ 2 the semi-classical approximation based on the
I I¯ -valley breaks down and no reliable non-perturbative information can be extracted from it.
Here again high-quality lattice data [27] on the I I¯ -distance distribution in quenched QCD allow to estimate
the fiducial region in ξ or more specifically in R/〈ρ〉, where 〈ρ〉 ≈ 0.5 fm is the average instanton/anti-
instanton size measured on the lattice (cf. Fig. 2 (right)). One finds good agreement with the predictions from
instanton-perturbation theory for R/〈ρ〉  1.0–1.05 [22,24] (cf. Fig. 3 (right)). In this case, however, there are
remaining ambiguities. (a) The integrations over ρ, ρ¯ in the I I¯ -distance distribution dnI I¯ /(d4x d4R) imply
significant contributions also from larger instantons with 0.42ΛMSρ,ΛMSρ¯  1, outside the region of instanton-
perturbation theory. A more differential lattice measurement of the distance distribution, dnI I¯ /(d4x d4R dρ dρ¯),
which includes also differentials with respect to the sizes ρ and ρ¯, and eventually a test of its conformal
properties would resolve these theoretical ambiguities. (b) Furthermore, at small I I¯ -separation R < (ρ + ρ¯)/2,
the extraction of the I I¯ -distance distribution from the quenched QCD lattice data is quite ambiguous since there
is no principal distinction between a trivial gauge field fluctuation and an I I¯ -pair at small separation. This is
reflected in a considerable dependence on the cooling method/amount used to infer properties of the I I¯ -distance
3 For the embedding of the SU(2) I I¯ -valley into SU(3), see, e.g., Ref. [22].
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Fig. 3. Left: I I¯ -valley interaction (9) as function of conformal separation ξ (11) for the most attractive relative orientation (U = 1, solid)
and the most repulsive relative orientation (U = 0, dashed). Right: illustration of the agreement of recent high-quality lattice data [27] for the
I I -distance distribution with the predictions from instanton-perturbation theory (solid) for R/ρ  1.05 [22,24].
distribution [44,46]. A simple extrapolation of lattice results on the topological structure of quenched SU(2)
gauge theory [44] to zero “cooling radius” indicates 〈R/(ρ + ρ¯)/2〉 ≈ 0.5, i.e., strongly overlapping I I¯ -pairs
in the vacuum, unlike Fig. 3 (right). Therefore, the fiducial region R2/(ρρ¯)  1 for the reliability of instanton-
perturbation theory inferred from lattice data should be considered as quite conservative.
Ad (iii) Finally, as the last important building block of (2), let us just quote the result from Ref. [21] for the
fermionic overlap integral ω [14] in the most attractive relative orientation, U = 1,
(12)ω= 3π
8
1
z3/2
2F1
(
3
2
,
3
2
;4;1− 1
z2
)
.
3. In the weak-coupling regime, αg  1, the collective coordinate integrals in the cross-section (2) can be
performed in the saddle-point approximation, where the relevant effective exponent reads4
−Γ ≡ i(p1 + p2) ·R
(13)−


4π
αW (µ)
[
1+ 1
4
M2W
(
ρ2 + ρ¯2)+Ωg(U, R2
ρρ¯
,
ρ¯
ρ
)]
, in QFD (p21 = p22 = 0),
Q̂(ρ + ρ¯)+ 4π
αs(µ)
[
1+Ωg
(
U,
R2
ρρ¯
,
ρ¯
ρ
)]
, in QCD (DIS:−p21 = Q̂2 > 0,p22 = 0).
For the case of QFD, we have neglected in (13) the Higgs part Ωh of the I I¯ -interaction and took for the gauge
part the one from the pure gauge theory, Ωg . This should be reliable as long as the dominant contribution to
the QFD instanton-induced cross-section is due to the multiple production of transverse W ’s and Z’s—as is the
case at energies below the sphaleron (1)—rather than of longitudinal ones and of Higgs bosons [13]. The saddle-
point equations, ∂Γ/∂χ|χ∗ = 0, with χ = {U,R,ρ, ρ¯}, following from (13) imply U∗ = 1, ρ∗ = ρ¯∗, and can be
4 In the case of QCD, some additional terms, which arise from the running of αs and are formally of pre-exponential nature, have to be
included in Eqs. (13) and (14) for numerical accuracy [21]. In this Letter, we adopt the simplified expressions (13), (14) which suffice for
illustrative purposes and are numerically adequate for QFD.
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summarized as4
(14)


(
R
ρ
)
∗
=MWρ∗
(
4πMW/αW√
sˆ
)
,
1
2
(MWρ∗)2 =
[
(ξ∗ − 2) ∂
∂ξ∗
Ωg(1, ξ∗)
]∣∣∣∣
ξ∗=2+(Rρ )2∗
, in QFD,
(
R
ρ
)
∗
= 2 Q̂√
sˆ
, Q̂ρ∗ = 4π
αs
[
(ξ∗ − 2) ∂
∂ξ∗
Ωg(1, ξ∗)
]∣∣∣∣
ξ∗=2+(Rρ )2∗
, in QCD,
where (p1 + p2)2 = sˆ denotes the parton–parton center-of-mass (cm) energy. To exponential accuracy, the cross-
section (2) is then given by
(15)σˆ (I ) ∝ e−Γ∗ ≡ e− 4παg Fg(0),
where
(16)0 =


√
sˆ
4πMW/αW
, in QFD,
√
sˆ
Q̂
, in QCD,
(17)Fg =


[
1+Ωg(1, ξ∗)− (ξ∗ − 2) ∂
∂ξ∗
Ωg(1, ξ∗)
]∣∣∣∣
ξ∗=2+(Rρ )2∗
, in QFD,[
1+Ωg(1, ξ∗)
]∣∣
ξ∗=2+(Rρ )2∗, in QCD.
Both in QFD as well as in QCD, the prediction (17) for the “holy-grail function [17]” Fg(0) decreases
monotonically for increasing scaled energy 0 from Fg(0)= 1. It approaches zero, Fg → 0, at asymptotic energies,
0→∞ (cf. Fig. 4 (middle)). Thus, at all finite energies, the cross-section (15) is formally exponentially suppressed
and there is no apparent problem with unitarity [7]. On the other hand, it is seen that at high cm energies the
I I¯ -interaction is probed at small distances, (R/ρ)∗ ∼ 1 (cf. Fig. 4 (top)), making the semi-classical and saddle-
point evaluation unreliable. In this connection, the information on the fiducial region in R/〈ρ〉 of the instanton-
perturbative description from QCD lattice simulations (cf. Fig. 3 (right)) can be most appreciated. Note furthermore
that, in the case of QFD, MWR∗  1 in the whole energy range considered in Fig. 4 (top), justifying a posterior the
approximation of the full valley interaction in QFD by the one from the pure gauge theory, Ωg .
Further information on the fiducial region in (R/ρ)∗ may be obtained from DIS experiments at HERA.
Meanwhile, the results of a first dedicated search for QCD instanton-induced processes in DIS have been published
by the H1 Collaboration [25]. In this study, the theory and phenomenology of hard QCD instanton-induced
processes in DIS developed by F. Schrempp and myself [19–24] has been used heavily. Several observables
characterising the hadronic final state of QCD instanton-induced events were exploited to identify a potentially
instanton-enriched domain. The results obtained are intriguing but non-conclusive. While an excess of events with
instanton-like topology over the expectation of the standard DIS background is observed, which, moreover, is
compatible with the instanton-signal, it cannot be claimed to be significant given the uncertainty of the Monte
Carlo simulations of the standard DIS background. Therefore, only upper limits on the cross-section for QCD
instanton-induced processes are set, dependent on the kinematic domain considered [25]. From this analysis one
may infer, via the saddle point correspondence, that the cross-section calculated within instanton-perturbation
theory is ruled out for (R/ρ)∗  0.84, in a range 0.31 fm  ρ∗  0.33 fm of effective instanton sizes. One
should note, however, that in the corresponding—with present statistics accessible—kinematical range the running
coupling is quite large, αs(ρ−1∗ )≈ 0.4, and one is therefore not very sensitive5 to the I I¯ -interaction, which appears
in the exponent with coefficient 4π/αs ≈ 31. This should be contrasted with QFD, which is extremely sensitive to
5 This is of course welcome for the QCD-instanton searches at HERA, because it makes predictions for the bulk of data quite reliable.
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Fig. 4. QFD instanton subprocess cross-section related quantities, as function of scaled parton–parton center-of-mass energy
√
sˆ/(4πMW/αW ).
Top: saddle point values for collective coordinates [13]. Middle: holy-grail function, σˆ (IW ) ∝ exp[−(4π/αW )FW ] [13]. Bottom: total
cross-section σˆ (IW )ff for QFD instanton-induced fermion–fermion scattering, f+ f
IW→ all.
Ω , since 4π/αW ≈ 372. An extension of the present H1 limit on (R/ρ)∗ towards smaller ρ∗ and αs(ρ−1∗ ), which
should be possible with increased statistics at HERA II, would be very welcome. At present, the data do not exclude
the cross-section predicted by instanton-perturbation theory for small (R/ρ)∗  0.5, as long as one probes only
very small instanton-sizes ρ∗  0.3 fm.
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4. Finally, let us present the result of a state of the art evaluation of the cross-section (2) for QFD, including all
the prefactors—an analogous evaluation has been presented for DIS in QCD in Ref. [21]. For the case of fermion–
fermion scattering via QFD instantons/sphalerons, as relevant at VLHC at the parton level, we find
M2W σˆ
(IW )
ff =
π15/2
128
d2MS
(
4π
αW (µ)
)7/2
(µρ∗)2β0
× (ω(ξ∗))10 1√
ξ∗
(
∂2
∂ξ2∗
Ωg(1, ξ∗)
)(
∂
∂ξ∗Ωg(1, ξ∗)
)3
(Ω1(ξ∗)+ 2Ω2(ξ∗))3
(18)× exp
[
− 4π
αW (µ)
(
1+Ωg(1, ξ∗)− (ξ∗ − 2) ∂
∂ξ∗
Ωg(1, ξ∗)
)]∣∣∣∣
ξ∗=2+(Rρ )2∗
,
expressed entirely in terms of the solutions of the saddle-point equations (14). The various factors in Eq. (18) can
be easily understood. The ones in the first line are mainly due to the square of the size distribution (5), taken at the
saddle-point. The power of (4π/αW) is reduced here from nominally 4Nc = 8 to 7/2, because there are effectively
9 saddle-point integrals giving rise—apart from the square-root factor in the second line of Eq. (18)—to a factor
of (4π/αW)−9/2. The explicit factor of 1/(2p1 · p2) = 1/sˆ in Eq. (2) does not appear in Eq. (18), because it is
cancelled by another explicit energy dependence in the factor PWff |∗ = 8π4ρ6∗ sˆ. Finally, the last line in Eq. (18) is
just the main exponential (15), e−Γ∗ .
The prediction6 (18) for the QFD instanton-induced fermion–fermion cross-section is displayed in Fig. 4
(bottom) as a function of the scaled fermion–fermion cm energy 0 = √sˆ/(4πMW/αW ), for a choice µ =MW
of the renormalization scale. In the strict region of instanton-perturbation theory, 0 1, the cross-section is really
tiny, e.g., σˆ (IW )ff ≈ 10−141 pb at 0 ≈ 0.1, but steeply growing. Nevertheless, it is expected to be unobservably
small, σˆ (IW )ff  10−26 pb for 0  0.75, in the conservative fiducial kinematical region corresponding to (R/ρ)∗  1
inferred via the QFD–QCD analogy from lattice data and HERA. If we allow, however, for a slight extrapolation
towards smaller (R/ρ)∗ ≈ 0.7—still compatible with lattice results and HERA—the prediction6 rises to σˆ (IW )ff ≈
10−6 pb at 0 ≈ 1, corresponding to a parton–parton cm energy of about 30 TeV. In this case, QFD instanton-induced
B + L violating events will have observable rates at VLHC, which has a projected proton–proton cm energy of√
s = 200 TeV and a luminosity of about L≈ 6×105 pb−1 yr−1 [29], and an exciting phenomenology will emerge
[15]. If we assume the prediction6 (18) to be valid even at higher energies, corresponding to even smaller (R/ρ)∗,
than we can expect to be able to see the first signs of electroweak sphaleron production in present day or near future
cosmic ray facilities and neutrino telescopes [16], even before the commissioning of VLHC. In the meantime, we
can try to improve our knowledge about QCD instantons on the lattice and in deep-inelastic scattering at HERA,
with important implications also for QFD instantons at very high energies.
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